AN ELEMENTARY GUIDE TO THE ADAMS-NOVIKOV EXT

MICHAL ADAMASZEK

The Adams-Novikov spectral sequence for the Brown-Peterson spectrum
t t
Ey" = Extyp pp(BP:, BP,) = Wf—t(SO)(p)

has been one of the most successful tools in the understanding of stable homotopy groups of
spheres. However, already the calculation of the algebraic Fs-page presents some prohibitive
difficulties and led to the development of computational tools such as the chromatic spectral
sequence of [2].

The purpose of this exposition is to introduce the reader to the Adams-Novikov Ext without
using any of the heavy machinery. In particular, we will calculate the 1-line of the Adams-
Novikov spectral sequence, that is Ext!*(BP,). This was originally the result of Novikov
[3], who also related Ext! with the image of the J-homomorphism and Miller-Ravenel-Wilson
[2], who used the chromatic spectral sequence to obtain a lot more general results. We will
then move on to other examples, including the image of Ext! in the classical Adams spectral
sequence and a short detour of the higher Greek letter elements.

1. HOPF ALGEBROIDS AND BP,

We assume the reader is familiar with the general theory of Hopf algebroids and their
homological algebra and with the construction of the Adams-Novikov spectral sequence. The
reference for these is [5, Al.1, A1.2, 2.2]. We will briefly recall the relevant algebraic notions.

A Hopf algebroid over a ground ring K is a pair (A, T") of commutative K-algebras equipped
with the left and right units nz,ng : A — I, counit I' — A, conjugation I' — I' and a
coproduct

A:T—>T®uI

all of which are K-algebra homomorphisms satisfying a number of compatibility axioms. In
the definition of A we treat I' as a left A-module via nz and as a right A-module via ng. An
example of a Hopf algebroid is any Hopf algebra, in particular (I, A;) where A} denotes the
dual mod p Steenrod algebra.

A left I'-comodule is a left A-module M equipped with a map M — I' ® 4 M, which again
satisfies the usual compatibility axioms. Right comodules are defined analogously. Note that
A itself is a left I'-comodule via the map a — 1 ® a, which can be identified with the right
unit np: A ->T =1 ®4 A. Similarly, A is a right ['-comodule via the map a — a ® 1 which
can be identified with 7.

For a right I'-comodule M and a left I'-comodule N we define the cotensor product MUON
as

MDNZker(wM(@idN—idM@wN : M®AN—>M®AF®AN).

In particular, if M = A with its right module structure then AN is the submodule of
primitive elements of N (i.e. n € N such that ¢)ny(n) = 1 ® n). For every M the functor
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Cotork(M, N) is the i-th right derived functor of N + MOpN. When M = A we abbreviate
notation to Cotor’(N). In due course this will always be denoted by Ext‘(N), due to the
isomorphism between Homp (A, —) and ACp—, as explained in [5, p.310].

For the calculation of Ext(NN) it is customary to treat the left I'-comodule N as a right
I'-comodule via a device which employs the conjugation map of the algebroid. The standard
left and right I'-comodule structures on A correspond to each other under this operation. Now
it follows (see [5, A1.2.12]) that Ext’(N) is the i-th cohomology group of the cobar complex
{C%(N)}s>0, where C5(N) = N @4 ®45:

(1) N—2 N T 4 N@ AT @4 —>---

We write a typical element of C*(N) as ny;|---|vs and we skip n if n = 1. The differential is
given by the formula

d(nyi| -« |vs) = ¥n(n) I%Jrz Y- A - s 4 (1) iy sl

where ¥y is the right I'-comodule map for N. It is convenient to note that the differentials
are determined by

(2) d(n) = ¥n(n) —n, d(y)=1y+7/1-A4A>)

and extended to other elements of the cobar complex by requiring that d be a graded derivation
with respect to the tensor product grading as follows:

d(nmi| - |ys) = d(n)m| - I%Jrz U |- Jd ()| - s

When N = A then the complex (1) for computing Ext(A) can be identified with

(3) Y/ L YR p—

with d(a) = nr(a) —a and d(y) = 1|y + 9|1 — A(7).

Eventually, if N is a comodule algebra (like A), then Ext(/N) is equipped with a product
[5, A.1.2.15]. In case when N = A this product is represented in the cobar construction by
concatenation

(4) Yl s Xyl e =l sl e

Next we shall review the structure of the Hopf algebroid (B P., BP,BP) associated with the
Brown-Peterson spectrum BP for a fixed prime p. These formulae and Quillen’s construction
of the spectrum BP can be found in [5, Ch.4] and the relation with formal group laws is
described in [5, Appendix A2]. A good introduction to the subject is [6].

We have the isomorphisms of graded rings

BP, = L)vi,va,.. ], Jui] =2(0" = 1),
BP.BP = BP,[ty,t3,...], |ti|=2(p"—1).

The structural maps of the Hopf algebroid are given in terms of the rationalization BP, ®Q =
Q[l1, 12, . ..] where |l;] = 2(p' —1). In terms of the formal group laws the [; are the coefficients
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of the logarithm for the universal p-typical formal group law. The generators of BP, and
BP, ® Q are related by Hazewinkel relations:

(5) plp = Z lz‘vﬁi_i, lo=v9=1.
0<i<n

The left unit is just the inclusion 7y, : BP, — BP,BP and the right unit is given on the
generators of BP, ® Q by

(6) nr(ln) = > lith_,
0<i<n

and the diagonal of BP,BP is determined by:

i . j+k
(7) STuay =S ety

i3 .5,k
These equations determine the Hopf algebroid structure uniquely.
Consider the invariant ideals I, = (p,v1...,v,—1) C BP, and I = (p,v1,v2,...) C BP;.

The following relations, which hold in (BP,, BP.BP), can be easily derived from (5)-(7), see
eg. [4, B.5.15] or [5] for a proof.

(8) nr(vi) = vi+ph

(9) nR(Un) = Up (mOd In)

(10) NR(Vntj) = Ungj + Untﬁ-)n —oP't;  (mod I, t1,...,tj—1), j>1
(11) Alt1) = 11+l

(12) A(ty) = 1tz +to|l — vits|ts + t[t7 for p =2

(13) nr(ve) = wvo — Buits — 303ty + 2ty — 4t3 for p = 2

We conclude by making a notational convention: in the sequel, unless indicated otherwise,
the pair (A,T") always denotes (BP,, BP,BP).

2. CALCULATING ExT!(A)

This calculation follows precisely the strategy outlined in [6]. First, since I, C A are
invariant ideals, we can consider the I'-comodules A/I, for n > 0. We start by computing
Ext® for these comodules.

Lemma 2.1 (Landweber, [1]).

Ext’(A) = Ly, Ext’(A/L,) = Fplvy]

Proof. By definition, Ext®(A/I,,) is the kernel of (ng —id) : A/I, — T'/I,, so it contains all
powers of v, by (9). Now suppose x is an element in A/I, such that ng(x) —z =0 (mod I,).
Let v,4; be the highest of the v which appear in x and write z as

z=vh i fi+ .. 4 varifL+ fo,
where each f; is a polynomial in vy, ..., vp4j—1. Let J,, j be the ideal (p,v1i,...,vp—1,t1,...,tj—1) C
I'. By (10) we have the following relations modulo J,, ;:
NR(Wntj) = Vig+oath — o2ty (mod Jy ),
nr(vr) = wvp (mod Jpj) fork=mn,....n+j—1.
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The second one implies that nr(f;) = fi (mod Jy ;), so modulo this ideal we have a congruence

l
0=np(z) —2 =) ((vnsj+oat] — ol t;) fi = vpesfi)  (mod Juy),
i=0
but the sum equals vflté-p "+ (lower powers of ¢;), so it follows that f; = 0 (mod I,). A
repeated application of this argument proves that x is a monomial in v,. ]

We can now describe the generators of Ext!(A). First of all, since Exti"(A ® Q) = 0 for
i > 0 (for a proof see [5, Thm. 5.2.1]), and since (A,I') is Z,)-local, all Ext’(A) are p-torsion
groups for all ¢ > 0. The short exact sequence of I'-comodules

0 A2

A A/(p) 0

yields a long sequence of Ext groups
(14)

0 —= Ext®(4) —2> Ext®(4) —= Ext®(4/(p)) 2= Ext!(4) —2> Ext!(4) —> -+
By Lemma 2.1 for n = 1 it becomes

P

(15) 00— Z) —2> Ly —> Fylvn] — 2= Bxt! (4) —2= Bxt!(4) —> -+ .

We define elements a; € Ext'?P=D(A) by a; = §(v}). By exactness of (15) the elements oy
are nonzero, have order p and each group Extl’Zt(pfl)(A) is a cyclic p-group, while all other
groups in Extl’*(A) are trivial. It remains to determine the orders of the groups, i.e. the
divisibility of a; by p.

We can perform this calculation in the cobar construction and write explicit representatives
for ay. We have the diagram in which each column is the cobar resolution for the respective
comodule:

(16) 0 A A A/(p) —=0
nr—id i J/
T T/(p) —=0

|

Applying the definition of the connecting homomorphism § and (8) we obtain
1 1
(17) ar = 6(vy) = ];(UR(UD—UD = I;((vl +pt1)" = vp)

From now on we fix a factorization ¢t = sp’ where s is not divisible by p.
If p is odd then we have
ar = sp'v?? T + (terms divisible by pit?)
and when p = 2 we have

ap = 82032 7y 4 520520 — 1)052 242 + (terms divisible by 27+1).
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In either case ay is certainly divisible by p’ and we define o /i = ay/ p~lforj=1,...,i+1,

so that ay/; is an element of order p’ in Ext!(A).
If p is odd then

Qfip1 = svfpl_ltl + (terms divisible by p).
It follows from the portion of the long exact sequence

Ext!(A) — > Ext!(A) — Ext!(4/(p))

that an element of Ext!(A) is divisible by p if and only if its image in Ext!(A/(p)) is zero.

The image of a;/;41 in Ext'(A/(p)) is represented by sv;” "~14, and it is nonzero by Lemma

2.3.i. Therefore ay/;1; is the generator of Ext!2(p-1sp' (A) ~ 7/ (p'Th).
If p = 2 the situation is more complicated.

e If t is odd (i.e. i = 0) we have
Q= vf_ltl + (terms divisible by 2).

As before, the mod 2 reduction of this element is v~ '#; which is nonzero in Ext!(A/(2))
by Lemma 2.3.i, hence Ext}?%(A) ~ Z/(2).
o Ift=2(ie. s=1,i=1and we are in Ext!"*(A)) then we have exactly

Qg9 = vt + t%.

Note that in dimension 4 the image d(A/(2)) C T'/(2) is spanned by ng(v?) — v} =
4(vit1 +13) = 0, 50 a5 necessarily gives a nonzero element in Ext'(A4/(2)). It means
that Extb4(A) ~ Z/(4).

o If t >4 iseven (i.e. i > 1) then

Qpfip1 = vi 7y + 0l 2F 4 (terms divisible by 2)

The image of a1 in Ext!(A/(2)) is v} 1t1 +0i %2 but this time it is trivial. Indeed,
using (9), (10) we have
nr(v1) =v1  (mod 2), ng(ve) = vy +vi1t? +vit;  (mod 2),

and we easily see that

Qi1 = 7’]R(’U2U§_3) — 1221)%_3 = d(vgvi_g) (mod 2).
It means that the element v ;1 + (nr(v20i™3) — vev!™3) in divisible by 2 in T', so we
can define
1 _ _
Qyliya = §(at/z‘+1 + (nr(vav] %) — g 3))
s (v + 26)" = of) + (nr(v20] ) — V201 7)

(18) -

2

In order to prove that this element is not further divisible by 2 we compute its image
in Ext'(A4/(2)), which is equivalent to computing the numerator of (18) mod 4. We
don’t need an exact formula; it suffices to recall from (13) that

nr(v2) = vo — 5v1t? — 3vit; + 2ty (mod 4)
and it quickly follows that the image of ay/; o in Ext!(A4/(2)) has the form
Qp/igo = tovi™3 4+ (terms divisible by ;) (mod 2)
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and a cocycle of this form is nonzero in Ext'(A4/(2)) by Lemma 2.3.ii.
All of this can be summarized in the following theorem [5, 5.2.6].

Theorem 2.2. Let t = sp'. The generator of Ext"?P~D!(A) is
1 1
Qtfit1 = F(’UR(UD —vp) = F((Ul +pt1)" —v})

unless p = 2 and t # 4 is even, when the generator of Ext'*'(A) is /iy given by (18). It
follows that
22004 4) = 2/ (5
unless p =2 and t # 4 is even, when
Ext"?(A) = Z/(2"2).
It remains to prove the following lemma, which identifies some nonzero elements in Ext*(A4/(p)).
The proof is similar to that of Lemma 2.1.
Lemma 2.3. For any prime p:
i) The cocycle v¥ty € T/(p) represents a nonzero element in Ext'(A/(p)).
ii) If « € I'/(p) is a cocycle such that
a=twf (mod (p,t1))

then « represents a nonzero element in Ext'(A/(p)).

Proof. We first prove (i). Suppose that = € A/(p) is an element such that

nr(x) —x = ofty in T/(p).
Then, in particular
nr(z) —x =0 (mod (p,t1)).
Now we use an argument identical to that of Lemma 2.1. Let v1; be the highest v occurring
in z and note, after (10):

nr(vie;) = vigj + vlt;’ — Ufjtj (mod (p,t1,...,tj—1))
nr(vr) = v (mod (p,t1,...,tj—1)) for k < j.

If j > 2 we argue as in Lemma 2.1 that the coefficient at the highest power of vi4; in  must
be 0. Therefore x is a polynomial in vy, v only. Write x as

z=vhfi+... +vafi+ fo

where each f; is a multiple of an appropriate power of v;. Computing modulo p we now have
!

ity = ng(z) —z = Z((vg +urth —Pt) fi — v )
=0

which is vlltllpfl + (lower powers of ¢1), so we must have f; = 0 (mod p) for [ > 1. An
inductive repetition proves that z = fy but then ng(xz) —x =0 (mod p). This means we have
a contradiction.

Now we move to (ii). The argument is similar, but one step longer. Suppose nr(z) —z = «
in I'/(p). Then nr(z) — x = 0 (mod (p,t1,t2)) and the same method proves that z is a
polynomial in vq,v9,v3. The presence of vs is eliminated by computing modulo (p,¢;) and
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2
eliminating excessive powers of t3 which originate from ng(vs) = vs+vith—ovl t2 (mod (p,t1)).
It remains to consider the case when z is a polynomial in v1,v2. Note that

nr(vi) =v1 (mod (p,t1)), nr(v2) =ve (mod (p,t1)),

hence np(x) —x =0 (mod (p,t1)) for any such element x, which contradicts ng(z) —z = tovf
(mod (p, £1))- O

3. HOPF INVARIANT ONE

In this, and the following sections, we perform some simple explicit calculations with the
elements we have just defined. We begin with the relation between the Adams-Novikov
spectral sequence for BP and the classical Adams mod p spectral sequence for H/(p).

The Brown-Peterson spectrum BP comes with a map © : BP — H/(p) to the mod p
Eilenberg-MacLane spectrum H/(p), which induces a map from the Adams-Novikov spectral
sequence to the classical Adams spectral sequence

Ey' = Ext s (Fp, Fp) = 75 ,(5%)p)-
where A7 denotes the mod p dual Steenrod algebra. For our purposes it will suffice to describe
the map of Hopf algebroids
(A1) — (Fp, A})
induced by ©. Let us remind the structure of A} as a Hopf algebra. When p = 2 we have

As =TFalr,&,.. ], &G]l=2"—1
and for odd p:
Ay =Fplér, o, J @ Ao, 7, &l = 200" = 1), | = 2p° — 1.
In each case the diagonal is given on the polynomial part by
(19) Al&) = D> & l&
0<i<k

which, in the case p = 2 implies also

(20) Al = D (&) 1€,
0<i<k
It follows from the defining relations (5)-(7) that the diagonal of (A,T") satisfies
(21) At = Yt (mod I)
0<i<k

(see eg. [4, B.5.15]). For odd p (19) and (21) imply that the assignment v; — 0,t; — &
extends to a map of Hopf algebroids from (A,T") to the opposite Hopf algebra (I, I;), or, in
other words, the assignment

v; = 0,8 — (&)
where c is the conjugation of Aj, extends to a map of Hopf algebroids (A,I') — (F, A7). In
a similar fashion, (20) and (21) imply that for p = 2 the assignment

U — Oat’L = 0(67,2)

extends to a map of Hopf algebroids (A4,T") — (Fq,.43). In each case this is the map induced
by the map of spectra BP — H/(p).
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It follows that computing the image of the map
(22) Extr(4, A) — Exta: (Fp, Fp)

is equivalent to computing the reduction mod I in Extr(A, A) and substituting ¢; — c¢(§;) for
odd p or t; — ¢(€2) for p = 2. Note, in particular, that the Adams 1-line Exti{i‘ (Fp,Fp) is
P

generated by the elements h; = [51171] (and an additional ag = [r9] for odd p). Moreover, we
have ¢(&1) = —€1 and ¢(£]) = &7 in A,

We will show that for p = 2 the only elements in Ext!* with nonzero image in the Adams
spectral sequence are ag € Ext!?, Qg/p € Ext™* and Qy/y € Ext"® with images hi, ho, h3. It
is the content of [5, Thm.5.2.8]. This follows from a direct reduction mod I (which we denote
=) using the formulas of Theorem 2.2.

a1 =ty — & = hy,
1
ag/y =7 ((v1 + 261)* — o) =1t = & = ho

1.1
aq/q =5 (g (o1 + 2t1)* — vi) = (Nr(v2v1) — vav1)) =1 1] = & = ha.

All the remaining generators of Ext!(A) are mapped to zero. Indeed, we only need to check
this for agi /4o where @ > 3. In that case i/ o is given by (18) with ¢ = 2. By (13) we
have nr(ve) = 2ty (mod 4,v1,v2,...), hence

Qi fipo =1 22i_i_2t1 + 22i_3t2t1 =7 0.

If p is odd and t = sp’ > 1 the image of the generator Qi1 € Ext!2P=Ds" iy the mod D
Adams spectral sequence is zero, because

1 i1, spt
at/i-i—l = F((’Ul +pt1)t — Ui) =7 pSp v ltip =7 O

When t = 1 the image of o is

1
ap = 5((01 +pt1) —v1) =rt1 — & = ho.

4. THE -FAMILY IN EXT?

The elements 3; in Ext? are defined as images of v under the composition

(23) Fylvs] = Ext®(A/(p,v1)) —— Ext!(4/(p)) —> Ext?(A)

where 6" is the connecting homomorphism corresponding to the short exact sequence of
comodules

“Un

(24) 0 A/l

In particular, at the level of cobar constructions, we have
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We also denote this element by 3; € Ext!(A/(p)) and we let f3, /i € Ext!(A/(p)) to be defined
by the condition 3;/; - v’i_l = B, whenever it exists. Recalling from (10) that ngr(ve) =
vy + v1t] — vty (mod p), we obtain the formula for a representative in I'/(p):

1
Br=06'(vh) = oy (w2 F0nt] — o) — o))
which is particularly useful when ¢ = p’. We then pass to Ext?(A) defining elements 3, /i €
Ext?(A) as images of Biji € Ext!(A/(2)) under §° and then Bijij € Ext?(A) by the condition
ﬂt/i,j 'pj_l = ﬁt/z In short:
1 1

(25) Bijij = ~7_50( - 51(”5))
/1, pi-1 Vi 1

whenever the right-hand side makes sense. As usually we also abbreviate 3;/; = By /; ;-

We will now find the representatives for some of the elements of the S-family (namely (3y; /275
Baij2i—1 and By /2,2), together with their images in the Adams spectral sequence. This will
prove part of [5, Thm.5.4.6]. In particular, with /2,2 we will experience similar divisibility
issues we had in the 1-line. Before we start, let us make the following observation which will
simplify some of the calculations.

Lemma 4.1. If j > 1 and a > p’~ ', the cocycles vft]fj and vf+pj_1t1 represent the same
element of Ext'(A/(p)).

Proof. Suppose n > 0 and m is a power of p. Using

ner(vi) = v (mod p), nr(v2) =ve +vit] — vty (mod p),
we obtain

nr(vivy') —vivy" = o7 (v + vit] —vyt)™ — vi'vy

— . n+mypm n-+pm,m
o T — o TP (mod p)

which means that v7 ™™ and ] "™t represent the same element of Ext!(A/(p)). The
result follows by repeated application of this fact. O

We proceed with the description of a few selected elements of the B-family.

® (355,95 for p=2. The image of 5t (U%j) is represented in I'/(2) by

2011

1 o R -
Boi = U—l((vg + ot +oft)? — o) =P T o 7.

From this we get an element (3,; 95 € Ext!(A/(2)) represented in I'/(2) by

]. j+1 j j
_ i 27 2]
Boijoi = ——Pei =11 +o1 ity
v
1

By Lemma 4.1, the same cohomology class in Ext!(A4/(2)) is represented by

2J7+1

j+1 —
/82]'/2]' = t%] + %] ltl.
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It follows that the element (35; 95 € Ext?(A) is represented by

52]_/2‘7_ — 50(t%j+1 +u 2J+ —lt )
1

= S (A + T N0+ o ().

From (11) we have d(t;) = 0 and d(t}) = 1t§ + t§|1 — (1]t; + t1|1)*, so

1 oJ+1N ) ‘
52]-/2j = 5( Z ( i ) Ht%frl_z + ((v1 +2t1)2ﬂ+1_1 2J+1 1)“1)

0<i<2t!

The only binomial coefficient in the 2/ '-th row of the Pascal triangle which is divisible
only by 2 but not by 4 is the middle one. It follows that

Baij2i = t%j |t%j QH “2t1]t1 + (terms divisible by 2).

t2j, and this element maps to §2J+1 |§2J+1 h2., in the

It means that By 0 = t1 | A

Adams spectral sequence.
Bpi /pi for odd p. For comparison, we see that an analogous calculation shows that

Bui jpi € Ext!(A/(p)) is represented by

j+1 J+1_q
Bpi jpi = tzfj + of t1.

It follows from our calculation of Ext!(A) that vfjﬂ*ltl is the mod p reduction of
Qpitt/jqo € Ext!(A). The portion of the long exact sequence (14)

Ext!(A) — > Ext!(A/(p)) —>> Ext2(A)

now implies that 60(v11°j+171t1) =0, so in Ext?(A) we have
j+1 1 PN i
Byi s = 000t ) = 5( > < ; >tl1|t117 Z)-
0<i<pitl

Bai j2i—1 for p = 2. Following the previous calculation we get in Ext!(A4/(2))

1 1 ~

ﬁ2j/2]71 e Wﬂ;] e Ult%] + %J 1t2]'

1

By Lemma 4.1 this element is also represented by vlt%j+1 +v 2” t1, hence in Ext?(A)
we have

. .
Boigio1 = sd(vity +ovP 1)

e

= S (@)l +orldd) + dwi™ ) )

1 j j j
= 5 (20" +oald(@® ™) + (o1 +20)2 T =¥ )

=7 t1’t2j+l

which maps to &2 \§QJ+ = hi1hj42 in the Adams spectral sequence.
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® 3492 for p=2. First, we find 8 € Ext!(A/(2)):
By = 0L (vy) = Ull((vg +o1t? —vit))* — v%) = vt} +olt] (mod 2)
so we can consider the element
Baj2 = 01154 = vit] + vity.
Its image in Ext?(A) is

1
Bajz = 5(dD[E] + vld(t) + d(D)t1 + vid(1)

1 8\ . .
_ 5((4vlt1 + A+ o D (Z_)t’l\tf‘“r

0<i<8

4\ -,
+ (o2 = ol +of 3 (7))

- 2

0<i<4

= vit]|t] + v8t3|t3 4 (terms divisible by 2)

In order to see that (345 exists, we must know that 3,5 is divisible by 2 or, equiv-

alently, its reduction to Ext?(A/(2)) is zero. This time it is not so easy to guess the
expression as a coboundary, but it turns out that

(26) vt} 4+ W83t = d(vat] + vit2)  (mod 2).
The proof is straightforward using the mod 2 reductions of (8)-(13):
d(v3) = vit] +uit?, d(t]) =0,
d(vi) =0, d(t3) = vPt3[t] + it
Therefore we can define
1
Baj2,2 = 5(54/2 + d(vt] + vit3))
and after a rather tedious, but straightforward calculation we get
Baj2,2 = G5 + v3t]t7  (mod 2, v1)

S0 By2/2 =1 t2|t§ and its image in the Adams spectral sequence is £7|616 = hohy.

5. AN EXAMPLE IN HIGHER EXT GROUPS

As a final example we prove [5, Prop.5.1.21]. First, recall that as a generalization of the
a- and p-families, we define the n-th Greek letter element a§”) as the image of v! under the
composition of connecting homomorphisms of (24)

(;n—l 5n—2

(27) Folvn] = ExtO(A/L,) 2> Ext}(A/L,_1) 2> ...~ Ext"(A)

so that, for example, oy = agl), G = a§2), etc. The proposition we want to prove is

(28) ozgnJrl) = —ozz(ﬁ)loq for n > 2.

(It is equivalent with the formulation of [5, Prop.5.1.21] using graded commutativity of prod-
uct in Ext.)
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First, observe that every connecting homomorphism 6% : Ext*(A/I}1) — Ext*™1(A/I},) of
(27) satisfies
ok (zlty) = 6%(x) |ty
which follows from
1 1

Halt) = dlaln) = _(d@)ln £ 2ld(0)) = (-d@)l = @)l
because d(t1) = 0.
(n+1)

Now we can calculate the element o"" . We start with v,11 € Fplvpy1] = Ext®(A/L41)
and its image in Ext'(A/I,):

1
6" (Un41) = ?(UR(Urﬁl) — Un41)
n
1 n n
= U—(vntzf —vPt) =7 — P27y (mod I,,)
n

The image of this element in Ext?(A/I,,_1) is in turn given by

1 n
"1 (1) = —(d#) - AWt — vh~Hd(t))
n—1
p—1
= Dy —
Un—1
because d(t!") = > 0<i<pn (p:)til\t]fnfi = 0 (mod p) and (p) C I,—1. We now apply all the

remaining connecting homomorphisms ¢ to obtain
(50(51 L. 5n—15n(vn+1) — —50 L 5n—2 (571—1(@2—1) ‘tl)
— _60 L 5n—25n—1(v£—1)‘t1
which is exactly the cochain level version of (28).
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